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Copolymer Chain Statistics. The Pseudo-Stereochemical
Equilibrium Approach within the Continuum of
Rotational States. The Unperturbed Dimensions of
Atactic Polypropylene
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ABSTRACT: The double Fourier expansion method (asr scheme) to calculate the configurational integral of a poly-
mer chain with energy interactions between first-neighboring skeletal rotations is adapted to the pseudo-stereo-
chemical equilibrium statistical treatment of linear copolymers. The unperturbed dimensions of atactic polypropyl-
ene in the range 125-175 °C are obtained, after assuming the methyl group as a spherical body with a van der Waals
radius of 1.85 A, in agreement with previous calculations. Two different statistical models of d and [ unit sequences
are assumed; in either case the chains upon which our calculations are based obey very closely the (first-order) Mar-
koffian rules for unit succession. The results are in good agreement with experimental results. It is confirmed that
the convergence limit is achieved by pushing the Fourier expansion up to terms of about order 10, at the tempera-

tures under consideration.

The statistical treatments of macromolecular chains in
the unperturbed state, subject to energy interactions between
rotational states around neighboring chain bonds, have
aroused considerable interest in recent years. They enable the
calculation of several averages correlated with experimental
properties of polymer solutions, such as the average square
dimensions of the molecular coil in the unperturbed theta
state, their higher moments, the mean-squared optical an-
isotropy, the stress-optical parameter Aq, etc.!

Matrix methods based on the assumption that a suitable
set of discrete rotations give a sufficiently adequate statistical
description of the chain (rotational isomeric state, or ris
scheme) have been proposed and successfully employed for
homopolymers. Two distinct approaches may be recognized,
namely the one proposed by Volkenstein,? Birshtein and
Ptitsyn,3 Lifson,? Hoeve,® Nagai,®7 and Corradini and Alle-
gra,8 where attention is mainly focused on infinitely long
chains, and that given by Flory,!® who proposes a generalized
treatment for chains of any polymerization degree. Within the
first approach the chain statistics are fully described by a
convenient square matrix containing the statistical weights
relative to the pairs of adjacent rotations on the general mo-
nomer unit by its largest eigenvalue and corresponding ei-
genvectors. Instead, Flory employs a larger matrix containing
the statistical weights involving the terminal monomer units
as well (generating matrix), obtaining all the relevant infor-

mation after a suitable process of matrix self-multiplica-
tion.?

If the chains contain different types of comonomer units,
distributed according to some statistical law (copolymer
chains), the above method of statistical-mechanical descrip-
tion cannot be applied. In fact, the problem is now compli-
cated to a considerable extent by the existence of two inter-
locking statistics, the first of which is related with the speci-
fication of the comonomer unit sequence, while the other re-
duces to the usual statistics in the configurational space of the
rotation angles and depends in turn on the unit sequence it-
self. Lehman and McTague!%!! have given an exact solution
to this problem in terms of functional equations by assuming
either a Bernoullian or a first-order Markoffian law for the
comonomer unit distribution. In particular they have com-
puted the temperature breadth of the helix—coil transition for
DNA macromolecules characterized by different sequential
statistics of the G—C and A-T base pairs.!! Their model allows
for two states on either type of units (i.e., base pairs), and it
may also be applied directly, e.g., to a linear Ising ferromagnet
containing two different types of spins. In the case that more
than two states were to exist, it is likely that the Lehman-
MacTague approach would be more and more difficult to
apply, since it should involve the numerical solution of func-
tional equations in at least (n — 1) variables (n = the number
of states accessible to either unit).
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Lifson and Allegral2 and Allegral? proposed two approxi-
mate matrix approaches to the above problem, both of which
are based upon the arithmetic average of the properly nor-
malized partition functions of the different copolymer chains,
instead of their geometrical average. Both methods reduce to
an eigenvalue-eigenvectors formalism of the same kind as that
adopted for homopolymer chains and have been successfully
applied by Poland and Scheraga to investigate the helix—coil
transition of DNA.14 In particular, the second method gives
better results; it is easily checked and/or improved.13 A su-
permatrix built up with the correlation matrices pertaining
to the different unit pairs provides all the statistical infor-
mation. A proper set of multipliers, attached to the statistical
weight factors of suitably chosen unit pairs (e.g., the AA and
BB pairs, for an A,B copolymer), allows the selection of the
statistical weights belonging to the copolymer chains which
have the desired statistical structure from their most general
ensemble. Physically speaking, this operation is equivalent
to assuming that the general comonomer unit is formally ca-
pable of undergoing the fictitious equilibrium A = B, under
the constraint that the fractions of AA, AB, BA, and BB unit
pairs for the whole chain are constantly equal to their expected
values. It is for this reason that the method may be charac-
terized as the pseudo-stereochemical equilibrium ap-
proach.1315 In particular, it may be proved that the configu-
rational averages of the above fictitious chains are identical
with those of an ideal copolymer system obtained under
equilibrium (i.e., perfectly reversible) polymerization.!315 In
all the cases studied hitherto, the calculated distribution of
the comonomer units is very close to a first-order Markoffian
sequence, in agreement with what is observed for many co-
polymerization processes. This is in itself a powerful argument
in favor of the method’s validity. Monte-Carlo techniques,
inevitably involving some spreading of the results around the
average, should be rendered unnecessary as long as a more
compact procedure leading directly to the overall statistical
averages is available.

As said at the beginning, all the above approaches are based
on the ris method. This is usually applied after identification
of the discrete set of rotational states with local minima of the
conformational energy; if they have different breadths, an
appropriate entropy factor should be attached to each of
them.!€ In principle, this can be done exactly if, and only if,
the minimum energy regions in the phase space of the skeletal
rotations are such that in their vicinity the total energy may
be expanded as a sum of terms E(y;) each belonging to a single
rotation. As long as irreducible contributions of the type
E(¢i¢iv1) are present for all the adjacent pairs, the very def-
inition of a rotational minimum for the whole chain may be
very difficult if possible at all. This is the case, e.g., of the
strained conformations effecting helix inversion in isotactic
polypropylene, whose careful consideration is quite important
in order to evaluate the molecular dimensions in unperturbed
solution.® There is basically a single way to overcome the
difficulty, i.e., to resort to the configurational integral. This,
in turn, may be evaluated either through a more or less dense
sampling of the rotational phase space, leading to a discrete
set of skeletal rotations which may be formally treated within
the ris scheme, although not being necessarily related with the
lowest energy values, or through the Fourier expansion
method proposed by one of the authors (all skeletal rotations,
or asr method).!”-19 In this scheme, a formalism is developed
where the Fourier coefficients of exp(—E(¢;¢i+1)/RT), ex-
panded in terms of ¢; and ¢;+1, play a role analogous to that
of the statistical weights in the ris approach. Obviously
enough, no definition of minimum energy rotations is required
in this case; however, the new procedure is comparatively more
time consuming than the ris method in its simplest, and most
classical, applications.20
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Figure 1. Sketch of isotactic (above) and syndiotactic polypropylene
chains in an arbitrary zigzag planar conformation showing the num-
bering scheme of the torsional angles.

In the present paper the pseudo-stereochemical equilibrium
approach will be treated in terms of the full configurational
integral, in order to account for the continuum of the skeletal
rotation angles. The resulting theory may be viewed as a
synthesis between the above copolymer approach and the asr
method. It will be explicitly discussed for application to atactic
polypropylene, considered as a statistical copolymer of co-
monomer units having opposite steric structure (i.e., d and [
units), although its extension to the more general case of any
copolymer chain with pairwise interdependent rotations is
implicit and virtually straightforward. In a following section,
the general applicability of the asr scheme to all the cases
where the ris method may be adopted will be concisely pointed
out.

Mathematical Formulation

Let us consider a general chain consisting of a large number
N of d and [ comonomer units, such as it occurs in a high
molecular weight atactic polymer. If its unit sequence is (d!
...ddl.. . dd),e.g., and if we assume the two chain ends to be
interconnected ringwise, in order to remove end effects with
no consequence on the results,? its (classical) configurational
partition function is

Zn(dl.. dd. .. ld) = f - f war(erea)w;
€1 2N
X (p2e3) . .. Wdd (@2i—1¢2:) Wy
N
X (e2ig2ir1) . . - wig(won—10an ) waleaner) kf_Il der (1)

In the above equation, wy, (¢en—1¢2,) (Where x,y = d,1) is the
Boltzmann statistical weight relative to the local conformation
specified by the rotation angles ¢y, —1¢3, around the two bonds
connecting successive carbon atoms with x,y configurations
(x,y = d,!) (Figure 1). As for w, (¢2, ¢2n+1), it depends on the
rotations around the two bonds adjoining the same tertiary
carbon. Since nonbonded interactions depending upon more
than two rotation angles will not be accounted for except as
an average (see following section), the energy contribution
depending on ¢, ¢2,+1 is independent of the type of neigh-
boring units (see Figure 1) and so is its statistical weight.!? The
partition function of a chain capable of undergoing unre-
stricted equilibration between d and ! units is also the sum of
all the partition functions belonging to the chains having all
possible structures (i.e., unit sequences) and is easily derived
fromeq 1:
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ZN=spur[f
el

N
H Wi(eon—1 ©2n)

2N n=1
2N
X Walemezmen) T dar| @
where

w](@n—lqun) - [wdd(ﬁn—UP‘Zn)

wdz(wzn—xwzn)]
Wid (@2n—1¢2n)

wi(p2n—102n)

Waloumemer) = [ pilomems) 0 | @
0 wi (e2n ©2n+ 1)

In order to clarify the passage from eq 1 to 2, it should be re-
membered that the operators of integration and of summation
of matrix diagonal elements (i.e., spur) commute between
themselves. Furthermore, we have adopted the same symbol
¢r for the rotational angle around the kth bond, regardless of
whether it refers to a d or [ unit; in fact, distinction is not
necessary because the corresponding statistical averages are
performed over separate terms of the overall summation. The
formal analogy between eq 2 and that giving the corresponding
sum of the partition functions in the rotational isomeric state
approximation (see, e.g., eq 21 of ref 13b) easily suggests that
attaching two proper multipliers to wy, and wy; may allow the
selection of the partition functions belonging to the suben-
semble of chains having the desired concentrations of dd and
Ul pairs from their most general ensemble. Let us indicate with
WD (go,_1¢9,) the modified matrix Wy, i.e., (see eq 2)

oWdd (2n—102n)
W10 o, 1090) = [ " "

wa1(e2n—102r) ]
wig{pon—1¢2n)

Wy (@2n—1¢2n)
(3)

and with Zx(o,7) the corresponding expression of Zn. The
meaning of Zx(c,7) may be illustrated as follows

Zn(a,7) = aNlad« o N Zn(faa,fu) (4)

where Zn(fua,fi1) is the partition function of a chain under-
going hypothetical equilibrium d = [ under the constraint
that the expected frequency (i.e., probability of occurrence)
of dd and Il dyads is f4q and fy;, respectively. The value of f4q,
e.g., is given by

fdd=spur[j;l...

X Wolwon0on+1) [

i-1
H wl(a’T)(%n~l‘92n)
YN n=1
oWqq (poi-102:) 0
0 da 2= 102 O] Walegiezit1)

N
X( H WI(U’T)(Wn—1‘P2n)w2(§92n§02n+1)>

n=i+1
2N
x 11 dsak]/zN(a,ﬂ (5)
k=1

A similar equation holds for f;;, thus producing a system of
two equations in the two unknown parameters (o,7), once fu4q
and fy; are given. For the above, Zx(f4q4,fu) is also the sum of
all the partition functions of the chains having the same
frequencies fq4q4, fu. If all these chains have the same partition
function Zy (faa.fi1y we have the obvious relation (f4; = fig; faa
+fautfutin=1)

[N(faa + fa)IN (fia + fu)]!
(NFaa MNFOUNfa) (Nfig)!

Under the above assumption, the chain undergoing ste-
reochemical equilibrium is characterized by a first-order
Markoffian distribution of monomer units, because these are
the statistics corresponding to an ensemble of equiprobable
chains having all possible structures with fixed pair
frequencies. In such a case we must have, e.g.,

Zn(faafu) = Zn(faafu) (6)

Macromolecules

faai = fad * Par = faa * far/ (faa + fa1) (7N

where pg is the conditional probability that an [ unit follows
a d unit, irrespective of its predecessor. All the f;,. . . (x, ¥,
z = d, ) frequencies may be calculated from equations similar
to 5, so that the above condition can be readily verified. To the
extent that it were not verified, the pseudo-equilibrated chain
would not be first-order Markoffian, because some particular
chain structures give a larger contribution to Zx (f4q4,f11) than
others. The partition function of these dominant chains is still
obtainable from Zx (f44,f11) as in eq 6, except for the intro-
duction of a more complicated factorial term.1% If we want to
select the partition function of the first-order Markoffian
chains, we might resort to the technique of constraining the
triples ddd, ddl, . .. (instead of the pairs) at the Markoffian
values, thus getting a better approximation at the expense of
using more expanded matrices and introducing more multi-
pliers.!3 If any of the statistical weights wgg, Wa, Wi, Wi, Wa,
w; is expanded into a cosine-sine double Fourier series up to
terms of order r71,17-19 it may be expressed as a matrix product
of the type, e.g.,

wdd(‘P2n—1‘P2n) = ®(e2n-1)  Uga - QT(@?n) (8)
with

®(er) = [1, V2 cos (¢r), V2 cos (2¢r), ..., V2 cos
X (mex), V2sin (gg), . . ., V2 sin(mer)]

while ®T () is the transposed vector and Uy, contains the
Fourier coefficients (we send the reader to ref 17-19 for fur-
ther details). Expressions analogous to eq 8 hold for wq;, wig
... . With the use of the above formalism, it is easy to verify
that W17 (gop—109-) and Walea, ¢on+1) reduce to (cf. eq 2
and 3)

1
W1(0'7)(‘02n—1‘ﬁ2n) = <[0 (1)] ® q’(@?n—l))

oUqq Uy ] [1 0]
X . T
[Uld Uy ( 0 1 o (Wn)>

X Woleonon+1) = <|:(1) ?]@Q(@,ﬂ)

U, © 10
x[ 0 UI:I ([0 1]®¢T(‘””“)) ®

where ® is the symbol of the direct product. Before intro-
ducing the above formalism into the expressions of Zy (o,7)
(cf. eq 2 except for the absence of ¢ and 7 inside W) and f4q
(eq 5), let us consider the following identity

2w 27
{7 8970 Bro 8o der = [ Es
® (BT (¢r) ®(¢ern)) den = 27E25+1 ® E2 = 27Eynse  (10)
where E; stands for the identity matrix of order ¢. In eq 10 we
have made obvious use of the orthonormality of the functions

composing ® (¢r) (cf. eq 8). After the above, substituting eq
9into 2, Zn(o,7) becomes (N large)

e (%]
Uy 0 ] N
~ (2 ZN,)\N 11
X [0 of ) (2m) (11)

where A is the largest eigenvalue of the matrix

U(U!T) = UI(U’T) * U2

=|:0'Udd Ua ].[Ud 0 ] (12)
Uy Uy 0 U;
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The last approximate equality in eq 11 becomes rigorous in
the limit N — «. If a* and a are the row and column eigen-
vectors of U(g,7) corresponding to A, using eq 8-12 and fol-
lowing standard procedures in matrix algebra,® we have from
eq 5:

faa = spur (Uf-l(a,r)

[ Jueen)/

spur UN(o,7) = a* [gUdd g]
Uy 0 ]
X A 13
[O o EE

The average product of any number of functions depending
on consecutive rotation angles (F1(¢r)Foler+ 1) Faleor+2) .. )
may now be reduced to a process of the same type as that de-
scribed for +A-BJ-, homopolymer chains within the asr
scheme.!718 As a particular example, let us suppose that we
deal with a single function F(¢), which is also assumed to be
the same whether a d or an ! monomer unit is being consid-
ered. By analogy with eqs 5 and 13 the statistical average of
F(¢), considering even bonds first, is

(F(g9)) = a*Uy(o,7) - FPU,a/A (14)
where

27
F® = E; ® 2i [T e aF@R de= B8 F (15)
.

is a matrix of order 2(2m 4 1) containing two identical ma-
trices F or order 21 + 1 as diagonal blocks, and U, (s,7) and
U, are defined in eq 12. The elements of F are simple linear
combinations of the Fourier coefficients of F(¢).171¥ With a
procedure analogous to that leading to eq 14, we also obtain

(F(eon—-1)) = a*F®)a
<F(‘P‘.Zn—l)F‘[ﬂp2n)> = a*F(Q)Ul(U»T)FlZ)UZa/A
(Flen)Fleon+1)) = a*Uylo, )FPUF Pa/x (16)

etc. For the particular case where the function to be averaged
is the matrix performing the rotation of the Cartesian or-
thogonal coordinate system associated with each chain bond
into that of the successive bond, we have

—cos f —sin 6 0
T(e) sin # cos ¢ —cos f cos ¢ —sin ¢
ev) = . . .
sin # sin ¢ —cos fsin ¢ coS ¢

= Ty(f) + T;(8) cos ¢+ T1(8) sin¢ (17)

Assuming for simplicity the bond angle 4 to be constant and
identical for all chain bonds, the successive average products
are given by eq 14-16 except for the substitution F(¢) — T(¢,0)
= T(y) and for changing all other matrices into their direct
products with E; (e.g., ®(p) — $(¢) ® E3 = ®3(¢),a >a® E;
= a3, ... ). Let us define the two matrices

1 2w .
V1 =Ey@ ¥ =E; @5 J; 8,7 T(0) Ea(v) do
™

Z = (Uy(0,7) ® Ey) - ¥1'? - (U ® E3)/A (18)

We may now procede in analogy with eq 20-23 of ref 18, ob-
taining the mean-square (unperturbed) end-to-end distance
of the chain (r2)y as (I = length of C-C chain bond)

C. = (r?)o/2NI2=[1 0 Ola*;

X (E + 1) E — ZV 1) ~YE + Z)a, 0 (19)
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Table I
Geometrical Parameters of the Polymer Chain and
Parameters for the Nonbonded Interactions
(Vij = Ayj/r'2 = B;;/rf)°

(1) Geometrical Parameters
Bond lengths, A Bond angles, deg

C-C = 1.54 C-C-C =112
C-H=1.09 CH3-C-H _
H_C_H} =109.5
CH3;-C-C _
H_C_C} =108.8
(2) Nonbonded Interactions Parameters®
Ajj By
H.--H 471 X 103 49
H...C 3.97 X 104 134
C...C 2.94 X 105 381
H...CHj; 1.48 X 10° 367
C...CH; 1.02 X 108 1024
CHj. - .CH; 3.53 X 108 2750

@ r;;in A; V; in keal/mol. ®The van der Waals radii of C, H, and
CH; are 1.70, 1.20, and 1.85 A, respectively.

where C.. is known as the characteristic ratio® and E is the
identity matrix of order 6(2m + 1).

Application to Atactic Polypropylene

(a) Conformational Energy Maps. The calculations were
carried out in close analogy with those reported in a previous
paper on the unperturbed dimensions of isotactic polypro-
pylene, also obtained within the asr scheme.!® The methyl
group is treated as a spherical body, thereby making the
specification of its rotation angle around the C-CHj3 bond
unnecessary. Justification of this assumption proceeds from
the several degrees of freedom, arising both from the rotation
itself and from the bending of the valence angles, inherent to
the methyl group, which make it much “softer” than ordinary
atoms; we believe the error involved in this approximation to
be no larger than those arising from other assumptions. Bond
lengths and angles are kept fixed at their probable values (see
Table I). The chain energy is expressed as a sum of compo-
nents E{¢,¢n+1), which implies that interactions between
nonbonded atoms separated by more than four bonds cannot
be accounted for except as an average. Each energy component
may be expressed as

1
E(enent1) = '2' Uo(1 + cos 3¢n) + Z Z V[j(rlj) (20)
1<y

where Uy is the inherent threefold barrier to the rotation
around C-C bonds, and V;; is the nonbonded interaction po-
tential between atoms or groups labeled as i and j, as a func-
tion of their distance r;. In order to avoid counting twice any
interaction we calculated E (¢, ¢,+1) so that it contains con-
tributions due either to ¢, only or to both ¢, and ¢, +1. As a
consequence, in the above summation the atom or group pairs
whose distance depends only upon ¢, + are excluded. We have
chosen Uy = 3 kcal/mol, as in ethane.!® In view of the as-
sumption of fixed bond lengths and angles, the distance be-
tween atoms separated by less than three bonds cannot
change, so that their contribution is not included in (20). In
order to attribute a given interaction V;; to a single energy
term E(¢n¢n+1), the distance r;; must be specified either by
¢n only or by both ¢, and ¢, 1, the atoms being separated by
three or four bonds in either case. The nonbonded interaction
potentials employed by us are of the type V;; = A;;/r;;j12 —
B;j/rij%, and the parameters are identical with those proposed
by Scott and Scheraga,?! except for the additional interactions
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Figure 2. Conformational energy maps of E(¢;-1¢g;) for meso (a)
and racemic (b) dyads and of E(¢e;¢2i+1) (cf. Figure 1). Contours are
drawn at 1 (dashed line), 3, and 5 kcal/mol.

involving the methyl group which we also calculated in the
Slater-Kirkwood approximation with an effective number of
electrons equal to 22 (cf. Set I of ref 19) and a van der Waals’
radius rcy, equal to 1.85 A. This parameter was chosen close
to the value giving the best agreement with experimental data
for isotactic polypropylene.l® Since no interaction between
atoms separated by more than four bonds may be specified
by two rotation angles only, the V;; term belonging to chain
atoms four bonds apart (i.e., two methylenic carbons in the
odd-even and two tertiary carbons in the even—odd plots, see
Figure 1) has been chosen to correspond to methyl groups, in
order to account approximately for the steric effect associated
with the surrounding hydrogen atoms. The odd-even maps
corresponding to both the iso- and the syndiotactic dyads
(chosen as dd and d! pairs, respectively) and the even—odd
map (identical for both placements but referred to as a d unit)
have been calculated for all the points of a regular square
network drawn at intervals of 5° along each rotation angle.
Table I gives all the relevant parameters, and Figure 2 shows
the three nonequivalent conformational energy maps
E(¢neni1). The two E(goi—1¢9;) maps (i.e., Eqq and Eq;) are
nearly symmetrical after the transformation ¢;(syndio) =

Macromolecules

w9; (is0) — 120°, as must be expected considering that the two
dyads are mutally interchanged upon substitution of a chain
methylene for a side methyl group and vice versa; the sym-
metry is incomplete as long as the two groups are not perfectly
equivalent in terms of the nonbonded interactions. The E,,
E)4, and E; maps may be easily obtained from those reported
in Figure 2 which refer to the optically opposite configurations
by simply changing the signs of the rotation angles.

(b) Statistical Stereochemical Models. Strong evidence
is now available that the stereochemical defects present in
predominantly isotactic polypropylene chains are mainly of
the type ... ddddlddd . .. (or vice versa),22 which seems to
imply that each chain grows on a single catalytic center with
a definite optical sign.23 This is not true for substantially
syndio- or atactic chains, for which no simple statistical model
can be derived from experimental data.2*

Accordingly, we have considered two limiting statistical
models, in analogy with what was already done by one of us
in a simplified treatment based on a three-state ris scheme.?>
The first of them is purely random, which means that d and
[ units are equally probable for any single chain, so that the
stereochemical defects for predominantly isotactic chains are
of the type ... dddllll . . . or vice versa. In mathematical terms,
the model is obtained by taking ¢ = 7 (see, e.g., eq. 11), in view
of the equivalence between the U matrices having the d and
[ indices interchanged. The random model should be a sub-
stantially satisfactory representation for chains which contain
a small fraction of isotactic dyads. The second is an alternating
model, in the sense that [ units are only allowed if flanked by
d units, This corresponds to taking 7 = 0 in eq 8, which implies
forbidding !l pairs. The alternating model should be a satis-
factory representation for predominantly isotactic chains.

(¢) Characteristic Ratio. Results and Comparison with
Experiment. Each of the six U matrices (i.e., Ugy, Ug;, Uy,
Uy, Uy, and Uy, see eq 12) has the structure

Ucc Ugs
U= 2
[USC Uss] 1)

where Uy, e.g., is built up with the coefficients of the cos (m¢;)
sin (n¢;+1) terms belonging to the Fourier expansion of
w(g;¢i+1) (cf. eq 8). It is convenient to label rows and columns
of each of the four submatrices according to the m and n in-
dices of the Fourier terms; consequently, if the largest index
is m, the rows of U, and U range from 0 to m, unlike those
of Uy, and U, which are indexed 1 to . The symmetrical
rules for the columns are easily derived by considering that
both U, and U, are square matrices. The general element a
of the U, matrix, e.g., is obtained from the appropriate energy
map through

4 1

apq = 260,p+60,q ]WG(P:N)G(Q;N)
N h k
X 27—, 27 —
%ka? w< "N TN)

X cos <21rp %) cos <21rq %) (22)
where 6 ; ; is the Kronecker delta,

w(¢n¢n+1) = eXP(‘E(%‘an)/kT)
G(p,N) = sin? (px/N)/(pn/N)* (G(ON)=1) (23)

and in our case N, i.e., the number of intervals along either
angle, is 72, corresponding to 5° steps. The G factors arise
from the requirement that the statistical weight behaves as
a continuous function within each square of the network.!?
Four distinct Fourier developments of all the w(¢nen+1)
maps were carried out, up to (cos My, sin M) terms with
m equal to 8, 9, 10, 11 for the two temperature values of 127
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Figure 3. Plot of C.. = (r2)/2NI? and of its average temperature
derivative in the range 127-177 °C for the random and for the alter-
nating model of monomer unit sequences (see text); in the second case
the partial range 0.8 < p < 1.0 is covered, where p is the fraction of
meso dyads. The C.. values are given for 127 °C (above) and for 177
°C (below).

and 177 °C (i.e., 400 and 450 K). Chains with different per-
centages of meso (i.e., dd or /l) dyads were generated by taking
arbitrary values either for ¢ = 7 (for the random model) or for
o alone with 7 = 0 (for the alternating model), then obtaining
the fraction of dd dyads f4, from eq 13. Then the character-
istic ratio was evaluated in each case from eq 19, the results
being reported in Figure 3, which also shows the average value
of the temperature coefficient d(In C..)/dt in the temperature
range taken into consideration. In comparison with the results
previously obtained by one of us within the ris scheme,?5 the
new values are substantially smaller everywhere, in spite of
the relatively small difference between the energy maps
adopted. No doubt this is related to some sacrifice of chain
flexibility involved in the adoption of our old three-state
scheme. By far the largest disagreement between the old and
the new results concerns the case of the isotactic chains, which
now appear to be less expanded in unperturbed solution than
those of the syndiotactic polymer, contrary to the old calcu-
lations; this is a further proof of the difficulty of accounting
for the critical helix-reversal conformations of isotactic
polypropylene within the ris scheme.®26 Qur results are in
reasonable agreement with several experimental data, at least
for the extreme cases of the iso-272® and syndiotactic?® chains;
the results for the atactic chains (i.e., p ~ 0.5, see Figure 3) are
somewhat smaller than the experimental values although the
disagreement may be attributed, at least in part, to an in-
complete randomness in the samples of the atactic polymer.
However, it is worth stressing that some experimental data,
where the iso- and atactic polymers are investigated using the
same theta solvents, consistently show that the unperturbed
dimensions of atactic polypropylene as well as of atactic
poly-n-butene-1 and of poly-n-pentene-1 are invariably
smaller than those of the isotactic polymers (and the same is
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Table 11
Test of Convergence for Zy'/Nand C.at T = 400 K
Isotactic Syndiotactic Atactic

m Co ZNl/N C. ZNI/N C. ZNI/N

8 6.65 1.052 3.94 1.084

9 6.55 1.077 7.79 1.110 3.96 1.097
10 6.33 1.088 7.52 1.121 3.96 1.107
11 6.28 1.092 7.44 1.124 3.92 1.111

true of their temperature coefficients, in agreement with
Figure 3) in the temperature range considered by us.30:3!
Considering the different temperature ranges at which the
experiments were performed, the results obtained by other
authors (see, in particular, ref 16, Table VIII) do not appear
to contradict this statement.

Our C. results show some discrepancies from those ob-
tained by Suter and Flory,'6 which may be attributed partly
to differences in the conformational energy maps and partly
to the fact that the quoted authors employ the ris scheme,
contrary to us. In particular, the lowest C .. values correspond
to the atactic and to the isotactic polymer for our calculations
and for Suter and Flory’s respectively. As for the larger results
for the syndiotactic case obtained by these authors, they are
probably due to the lower energy of the T'T compared to the
GG sequences appearing in their energy maps. The plots of
d In C../dT are in qualitative agreement except that our re-
sults are somewhat larger in absolute value; the experimental
data obtained by Moraglio and co-workers compare rather
satisfactorily with those reported in our Figure 3.

Table II shows the results obtained for the random statis-
tical model for different degrees /. of the Fourier expansion,
indicating that at m = 11 a satisfactory convergence is ob-
tained both for the partition function and for the character-
istic ratio. From eq 4 and 6, the partition function Zy (f4a,fu)
is obtained after dividing Zyx(o,7) (see eq 11) by the factor

exp{N[fa Infg + fi In f; = fqa In (faa/ o)
~fuln (fu/7) = fas In far = fra In fig)}

which is the exponential form of the combinatorial factor in
eq 6. As already pointed out, this factor is exact only in the
case of a monomer unit distribution strictly obeying the
first-order Markoffian law. That this is indeed true for both
stereochemical models is shown in Table I1I, where p )y (x,
y, 2 = d, l) are the conditional probabilities that z follows y
when y is preceded by x, and they must be independent of x
in the Markoffian case. (Each p(x),. was obtained as fs,./fx,,
the frequencies being obtained by equations analogous to 13;
see also ref 13b, eq 30.) The percentage disagreement between
the two values corresponding to x = d, [ for the same y and z
is always well below 1%; therefore the Markoffian law is ex-
tremely well reproduced.

The Zn1/N values reported in Table II for the isotactic
polymer do not agree with those reported in the previous
paper on the asr method applied to the same polymer (cf. ref
19, Table III, A = Zn1/N) because of a different choice for the
zero energy in the conformational maps. The zero energy is
chosen in the same way for the meso- and for the racemic
dyads, so that the free energy of chains having different unit
sequences is given on the same scale. In particular, putting ¢
= 7 = 1 in eq 11 we obtain the partition function for a chain
undergoing unrestricted stereochemical equilibration at the
temperature under consideration.3? Qur results show some
deviation from the experimental results on the equilibration
of propylene olygomers,33 since we obtain about 49% of meso
dyads in the whole temperature range from —100 to 200 °C,
while the experimental figures are 46 and 48%, respectively.
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Table III
Test of Markoffian Sequence for both the Random and
the Alternating Model at 400 and 450 K@

Random model Alternating model

% isotactic P(d)dd Pdd P(d)dd Pipydd
(1) T=400K
91.0 0.953 0.953
89.6 0.896 0.897
79.4 0.885 0.886
74.4 0.743 0.746
49.3 0.492 0.494
24.5 0.244 0.246
9.8 0.098 0.098
2)T=450K
91.1 0.953 0.953
89.7 0.897 0.896
75.0 0.857 0.858
74.5 0.744 0.746
49.4 0.493 0.495
24.6 0.246 0.246
9.8 0.098 0.098

@ These results have been obtained with m = 10. For the sig-
nificance of pyy),. see the text.

However, it is not difficult to show that very modest changes
in the nonbonded interaction potentials may lead to variations
of the above order of magnitude. The order of magnitude of
the free energy change, required to match calculations with
experimental results, may be roughly evaluated as follows. Let
Ae and As be the average extra-energy and entropy of a meso
compared with a racemic dyad. In terms of the stereochemical
equilibrium, statistical weights equal to exp{—[Ae — T'As]/
RT) and 1 may be respectively attributed to these two dyads.
The experimental data may be fitted by taking Ae = 0.04
keal/mol and As = —0.09 cal/(K mol). Since our calculations
give Ae =~ 0, As = —0.06 cal/(K mol), it is apparent that the
disagreement is small indeed if compared with the approxi-
mations involved.

Our calculations were carried out on the UNIVAC 1108
computer of the Polytechnic of Milan. Once the three energy
maps were obtained (~7 min), each C.. value involved about
2 min, including the evaluation of the Fourier coefficients.

General Equivalence between the ris and the asr
Methods

In the present paper we have shown that the asr method
may be extended to the copolymer case. More generally we
want to show that the evaluation of any configurational av-
erage in the ris scheme for a chain with first-neighbor inter-
actions has a strictly analogous asr counterpart. Let us con-
sider a chain with (n + 1) skeletal bonds w ) (¢n, 0+ 1) being
the statistical weight belonging to the general pair of rotations
onthe A, h + 1 bond pair. Within the ris method the rotations
are confined to a discrete set, so that the notation w ") {(ixi,+1)
is more convenient, i, being the index number of the general
rotation allowed around the hth bond. Following well-known
results, the chain partition function will be expressed as

Z=3 wW({iwD (i) . .. wNipine1)
{in}
=[11...1] ][] W® (24)
he1 ;

1

where W) contains the statistical weights w ™) (inix+1) and

Macromolecules

in, in+1 are the row and column indices, respectively. The
statistical average of a function F(i,) of the hth rotation may
be expressed in terms of the diagonal matrix

e-[7r ]

where F), stands for F (i, = k); we get

(Fy =[11...1] Ci[ll W<l>) F <11:1h wm) 1 Z (25)
1

Adopting the asr scheme, the configurational integral may
be easily transformed as follows

2= [ o e @) w0 )
«1 ¥n
2w n—1 27
xldg, = J; ® (1) der hr_Il [U(h) J; ®T(on+1)

2
X & (¢n+1) d‘Ph-H] Ly j; ®T(pp+1) dens1
1
n 0
= @r)r*110...0] ]] U™ (26)
h=1 :

0

where U") contains the Fourier coefficients of the expansion
of w (gnen+1). The analogy between eq 24 and 26 is ob-
vious.

As for the average of F(yy,), in the asr scheme, its calculation
follows lines analogous to those leading to eq 14-16, the result
being

(Flgn)) =[10...0] hff UL
=1

{10...0] J] U®W 0 (27)
: h=1 :
0 0,
where F’ is given by (1/27) f&" ®T(0)F(0)®(¢) de. The full
equivalence between eq 25 and 27 is readily established with
the substitutions [11...1] —[100...0] (or their transposed
vectors), F — F/, W®) — U "), In conclusion, the two methods
are completely equivalent in the formal sense, matrices and
vectors need only be redefined. In particular, with minor
readjustments the present scheme should be readily adapted
to Flory’s matrix self-multiplication technique.l®
As a final remark, a particular average is perhaps worth
being discussed separately, namely the probability that a given
rotation ¢, takes place on the hth bond (in ris language), or
that o5 is comprised within ¢, — A and ¢, + A (in asr lan-
guage). In the former case, the probability is obtained from
eq 25 after substitution of F with P which is zero everywhere
except for the (i, in) element which is unity.5 In the latter
case, the corresponding P’ matrix is
2w
P=o 7 TP )8 de (28)
27 Jo
where P(gn,A) is unity in the interval (g, — 4, @n + A) and
zero elsewhere. The simple algebra involved in the above in-
tegral leads to the following rules to construct the P’ matrix:
(i) perform the dyadic product ®T(#,) - #(&r) and linearize
all the elements in the resulting square matrix (e.g., cos @ cos
3o, = %hcosd g, + % cos 2 @y); (ii) multiply each term cos ney,
or sin ng, by S(nA) = sin(nA)/(nA), taking S(0) = 1; call
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P’(gn,A) the resulting matrix; (iii) P’ is given by A/m -
P’{¢n,A). Since S{nr) (n # 0) is zero, if A = &, P’ reduces to
the identity matrix, as it must be.

Concluding Remarks

The asr method may be easily adapted to the pseudo-ste-
reochemical-equilibrium treatment of infinite copolymer
chains. Results of the unperturbed dimensions obtained for
atactic polypropylene show a substantial agreement with
experimental data. They also show that the chain ensemble
to which our calculations refer is very closely described by a
Markoffian sequence of d and ! units. As seen in previous
calculations, a satisfactory convergence is obtained in the
calculations if the Fourier expansion of the statistical weights
is pushed up to terms of order about 10.

The authors would be glad to provide the whole set of the
Fortran computing programs to anybody interested. They
presently can perform the calculations reported in the present
paper for any polymer, or copolymer, having ¢ A-B3 mono-
mer units, proVided its conformational energy may be given
as a sum of terms each depending on two consecutive skeletal
rotations.
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Dielectric and Dynamic Mechanical Relaxations in
3,3,3-Trifluoro-2-trifluoromethylpropene
(Hexafluoroisobutylene)/1,1-Difluoroethylene
Alternating Copolymers

J. M. Pochan,* D. F. Hinman, M. F. Froix, and T. Davidson
Xerox Corporation, Rochester, New York 14644. Received March 10, 1976

ABSTRACT: The « and 8 dielectric relaxations for an alternating copolymer of poly(vinylidene fluoride/3,3,3-tri-
fluoro-2-trifluoromethylpropene) have been studied. It is proposed that these relaxations are the glass transition and
a local mode motion of the polymer chain, respectively. The relatively high value of T, (~405 K at 120 Hz) is dis-
cussed in terms of chain stiffness due to steric interactions and electronic repulsion. On the basis of the T relaxation
in the copolymer, it is postulated that poly(3,3,3-trifluoromethylpropene) would probably possess an exceptionally
high T',. The 8 relaxation (205 K at 120 Hz) is assigned to a low amplitude motion of the main chain.

Fluoro- and perfluoropolymers have important industrial
applications in that they exhibit high dielectric breakdown
strength, are excellent insulators, and exhibit very low surface
tension characteristics.!2 These materials exhibit the char-
acteristic properties of many polymer systems in that they can
be semicrystalline or amorphous and many of their dynamic
properties (T'; and sub-T'; relaxations) can be related to their
proton substituted counterparts.? Additionally, some of the

crystalline polymorphs of these fluoropolymers exhibit piezo-
and pyroelectric properties.*®

Polytetrafluoroethylene (PTFE) has been widely adopted
for industrial use. Unfortunately, thermal processing of PTFE
is made difficult by its high viscosity (10! P at 750 K). Re-
cently, a fluoropolymer has been introduced which exhibits
many of the desired properties of PTFE and, additionally, is
melt processable. This polymer is an alternating semicrys-



